We provide a rigorous derivation of the evolution equation in the context of Chaplygin gas cosmology, in which the relativistic formulation of Chaplygin matter is a crucial ingredient. This is in contrast to the existing literature where the non-relativistic form of the Chaplygin equation of state is naively used in the covariant Einsstein equation. Our results show that the Chaplygin model describes a dust dominated universe for all times.
In the history of cosmological research, the impact of the discovery that the universe is undergoing an accelerated expansion in the present era, is indeed as deep as the observation of the Cosmic Microwave Background or the expansion of the universe. It has brought the "Darker" aspect of the universe to the fore: On top of the previously anticipated Dark Matter, more exotic Dark Energy (DE) is expected to exist. The negative pressure of the DE is needed to initiate the acceleration of the universe.
There are several candidates for DE models: Cosmological constant, Quintessance, Tachyon and Chaplygin gas and we will concentrate on the last one. Chaplygin gas, a perfect fluid system, was introduced by Chaplygin as an approximate model to discuss practical problems in aerodynamics and it has found other applications as well. Because of the negative pressure property, its role in the universe acceleration was anticipated in the work of Jackiw [1] and was first explicitly introduced by Kamenshchik, Moschella and Pasquier in [2] . Later it was understood [3] that a constant form of the potential in tachyon model leads to the Chaplygin gas as well. An (apparently) attractive feature of the Chaplygin cosmology, supposedly observed in [2] , was its ability to evolve smoothly from dust dominated to de-Sitter model of the universe, with the help of a single fluid.
In the present work we disagree with the above conclusion. We exploit the results obtained in [1] to generalise the relativistic Chaplygin model to a generally covariant one that can be coupled consistently with the Einstein action. Our analysis shows that, contrary to the claims in [2] , Chaplygin cosmology will generate a dust driven universe for all times. We, however, agree with the dynamical equation of acceleration of (the scale factor of the) universe, that was deduced in [2] . This apparent paradox is also explained at the end. The problem in the analysis of [2] stems from the fact that they have used the Chaplygin equation of state, (pressure ∼ − (density) −1 ), which is valid only in the non-relativistic formulation [1] . Hence one can not couple it directly with the Friedman-Robertson-Walker (FRW) equation, the latter being relativistic field equations. As we demonstrate below, our approach is completely free from these ambiguities since we strictly adhere to the Einstein equation (or the induced FRW equation) at all stages of our analysis and everything comes out from the Enstein equation.
From the perspectives of particle field theory, Chaplygin gas was studied exhaustively in [1, 4] . The aim of our programme is to exploit the formalism and results of [1, 4] , in the cosmological context. Specifically, we want to study the consequences of some conserved quantities, which are typical to the Chaplygin model, in the cosmological scenario. This requires formulating the Chaplygin cosmology in one dimension higher as a D-brane system [1] and subsequently compactifying it to the physical spacetime. In this sense, the present paper is a precursor to the above and is more aimed towards establishing a proper formalism that yields the correct dynamics.
Let us very briefly sketch the conventional analysis [2] to highlight the differences with our work. We consider a FRW universe with the metric g µν identified below,
One starts by assuming the perfect fluid form of the matter Energy-Momentum Tensor (EMT)
Here p and ρ denote the pressure and energy density respectively. In the Einstein equation,
the source term for the perfect fluid (2) turns out to be,
Substituting the above in Einstein equation (3), after eliminatingR one finds the single equation,
Using the energy conservation relation
and equation of state for for Chaplygin gas that has been used in [2] 
one can derive [2] 
with A and B being a constant parameter and an integration constant respectively. It is very important to note that in this formalism, (0i)-component of the Einstein equation (3) reproduces 0 = 0 that is no non-trivial equations emerge. According to [2] , this behavior of ρ is interesting [2] since it captures the evolution of the universe from a dust phase (ρ ∼ √ B R 3 for small R) to a de-Sitter phase (ρ ∼ √ A for large R). The all important evolution equation is obtained from (5) after eliminating ρ using (8),
where k has been scaled accordingly to match [2] . However, as we have mentioned at the beginning, the equation of state (7) is an approximate one. We emphasize that in our scheme we recover the evolution equation (9) directly from the Einstein equation without introducing the concepts of energy conservation equation and matter (Chaplygin) equation of state explicitly.
Now we come to our analysis. Let us first focus on the matter sector, that is the Chaplygin gas action. From the results provided in [1] we propose a generalization of the relativistic form of the Chaplygin gas action in FRW background:
We are using notations,
In the flat background, it has a non-relativistic (large m) limit for small a 2 ,
which is the standard form of the Chaplygin fluid model with the identification of the Chaplygin coupling λ ≡ ma 2 2
. Note that the above involves the mapping [1] ψ ≡ −t + ψ N R . The equations of motion from (10) are,
One can eliminate ρ by using (13),
This reduces the Chaplygin Lagrangian L Ch (10) to the Born-Infeld Lagrangian in curved background when ρ is eliminated,
The equation of motion for ψ obtained from (15) is,
This agrees with the equation of motion for ψ that one gets from (12) and (13) after substituting ρ from (14). The utility of introducing the Born-Infeld form of the action is the following. We wish to compute the Energy-Momentum Tensor (EMT) T µν that is required in the Einstein equation However, at the same time we wish to include the ρ-field to make contact with the Chaplygin cosmology. Now, the form of the action containing ρ in (10) is not canonical and so to get the EMT in a covariant form from (10) is awkward. On the other hand, it is straightforward to get T µν from the Born-Infeld model in (15) but it does not contain ρ. However, in T µν obtained from (15), ρ can be reintroduced by exploiting (12)-(13). We have already checked the consistency of this procedure (see comment below (16)). We will follow this route.
T µν obtained from (15) is
In particular we find,
Note that this form of energy density agrees with the one that can be read off directly from the Chaplygin model (10), the latter being first order in time derivative. This again ensures that the expression of the EMT from Born-Infeld and its subsequent form involving ρ is consistent.
Obviously we are interested in the latter latter as this will involve the density ρ directly.
Rest of components of the EMT are,
Notice that in the perfect fluid form one has T i0 = 0 from (2). As a necessary and sufficient condition of the Poincare invariance of the theory as well as the consistent definition of the EMT (as given in (18,10,11) obtained from (17)), we have explicitly checked the validity of the Schwinger conditions,
The above is computed by exploiting the (equal time) Poisson Brackets,
that can be read off from the symplectic structure of the Lagrangian in (10). For completeness let us quickly derive the FRW equations from the total action
The Einstein tensor R µν for FRW spacetime is,
In fact the elegance of our formalism will be manifest now since everything, including ρ = ρ(R) valid for Chaplygin model, will be derived from the Einstein equation (3) for the present case. One should remember that in the analysis of [2] this was obtained separately, by incorporating the Chaplygin equation of state by hand.
We start by noting that in our case the (0i) component of Einstein equation is not vacuous. It reproduces
Since ρ = 0, this in turn yields ∂ i ψ = 0 ensuring homogeneity of ψ. This also makes ρ uniform since ρ is related to ψ by (14). This restriction considerably simplifies the rest of the source terms and using (18,10,11) we find,
From the (00) and (ij) component of the Einstein equation, after eliminatingR, we finḋ
Notice that the matter contribution in (27) is structurally different from the corresponding equation in [2] . The last task is to obtain ρ as a function of R. For this we put ∂ i ψ = 0 back in the equation of motion (12), and get
Let us try to obtain a solution of the differential equation (28) directly. For FRW metric we compute
√ −gṘ R and substitute this in (28) to finḋ
the solution of which is trivially obtained,
Here b is an integration constant. Once again notice a crucial difference between our functional form of ρ(R) ∼ R −3 with ρ(R) ∼ √ A + BR −6 used in [2] . We will return to this important point later. However, substituting (30) in (27) we obtain the evolution equation,
Thus we have recovered the same equation that was obtained by [2] . We now perform a comparative study between the present analysis and that of [2] . In [2] the following relations have been used:
out of which the first one (Chaplygin equation of state) was assumed from the beginning since the matter was Chaplygin gas, and the second relation was derived by using this equation of state and the energy conservation. From these two equations ρ was eliminated in [2] to obtain
We claim that the equation of state used in [2] is not appropriate in the present context since we are considering a relativistic system and the pressure for a relativistic Chaplygin gas is [1] 
Thus the pressure reduces to the form used in [2] only in the non-relativistic limit. The general form of pressure is obtained by identifying the Lagrangian with pressure in the relativistic theory [1] ,
For simplicity we have dropped g from the Born-Infeld Lagrangian (15) and the last equality follows from the uniformity of ψ obtained in (25). Now couple the relation (34) with the density equation obtained by us in (30) and subsequently eliminate ρ. Note that we recover the equation
which is structurally identical to that obtained in (33) by [2] . Clearly this is the reason why the final evolution equation remains intact. But surely this calls for a reassessment of some of the conclusions drawn in [2] . One of the key points of interest, as observed in [2] is that Chaplygin cosmology is able to interpolate between different phases of the universe: from a dust dominated epoch to a de-Sitter universe, passing through in-between mixed phases and all this was possible with a single fluid. Primarily the reason behind this flexibility was that the expression for the density (8), the independent variable, contained two parameters A and B. On the other hand, contrary to this, we find that our expression for density (30) contains a single parameter b indicating that Chaplygin cosmology will always represent a dust dominated universe.
To conclude, we have considered a fully relativistic and generally covariant analysis for the Chaplygin gas cosmology. Although our final expression for the evolution equation of the universe agrees with the one obtained in [2] , (contrary to [2] ) we find that Chaplygin gas cosmology does not generate an universe passing through different forms of phases (dust to de-Sitter) but it always gives rise to a dust dominated universe.
